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Introduction 

Let G be a semisimple Lie group and F C G an arithmetic subgroup. For a 
finite dimensional representation (p, E) of G the cohomology groups H*{T, E) 
are related to automorphic forms and have for this reason been studied by 
many authors. The case of infinite dimensional representations has only very 
recently come into focus, mostly in connection with the Patterson Conjecture 
on the divisor of the Selberg zeta function [71 |S1 El 111! ITT] . In this paper we 
want to show that the Patterson conjecture |7| is related to the Lewis corre- 
spondence i-e., that the multiphcities of automorphic representations can 
be expressed in terms of cohomology groups with certain infinite dimensional 
coefficient spaces. 

One way to put (a special case of ) the Patterson conjecture for cocompact 
torsion-free F in a split group G is to say that the multiplicity Nrijr) of an 
irreducible unitary principal series representation tt in the space Z/^(r\G) is 
given by 

A^r(7r) = dimi7''-''(F,7r'^), 

where r is the rank of G and n'^ is the subspace of analytic vectors in tt, finally, 
d = dim(G/i4r) is the dimension of the symmetric space attached to G, where 

is a maximal compact subgroup. 
Our main result states that this assertion can be generalized to all arithmetic 
groups provided the ordinary group cohomology is replaced by the cuspidal 
cohomology. It will probably also work for more general lattices, but we stick 
to arihmetic groups, because some of the constructions used in this paper. 
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like the Borel-Serre compactification, or the decomposition of the regular G- 
representation on the space L^(r\G), have in the literature only been formu- 
lated for arithmetic groups. The relation to the Lewis correspondence is as 
follows. In j^S] Don Zagier states that the correspondence for F = PSL2(Z) 
can be interpreted as the identity 

iVr(vr) = dimi7i„(r,7r'^/'), 

where tt is as before, ir^/"^ is a slightly bigger space than tt'^ and H^^^j. is the 
parabolic cohomology. Since tt is a unitary principal series representation it 
follows that iVr(7r) coincides with the multiplicity of tt in the cuspidal part 
^cusp(r\G) of L^(r\G'). More precisely, the correspondence gives an isomor- 
phism 

Home (^,LLp(r\G)) ^ i/i„,(r,7r-/2). 
As a consequence of our main result we will get the following theorem. 

Theorem 0.1 For every Fuchsian group T we have 

Nrin) = dimifi„,p(r,7rrj. 

Here -ff'usp is the cuspidal cohomology. For finite dimensional modules the 
cuspidal cohomology is a subspace of the parabolic cohomology. 
The following is our main theorem. 

Theorem 0.2 Let T be a torsion-free arithmetic subgroup of a split semisimple 
Lie group G. Let -k £ G be an irreducible unitary principal series representa- 
tion. Then 

where d =^ dimG/K and r is the real rank of G. 

For G non-split the assertion remains true for a generic set of representations 

TT. 

This raises many questions. For a finite dimensional representation E it is 
known that the cuspidal cohomology is a subspace of the parabolic cohomology. 
The same assertion for infinite dimensional E is wrong in general, see Corollary 
15.21 Can one characterize those infinite dimensional E for which the cuspidal 
cohomology indeed injects into ordinary cohomology? 

Another question suggests itself: in which sense does our construction in the 
case PSL2(Z) coincide with the Lewis correspondence? To even formulate 
a conjecture we must assume two further conjectures. First assume that in 
the relevant cases cuspidal and parabolic cohomology coincide; next assume 
that the parabolic cohomology with coefficients in tt" agrees with parabolic 
cohomology in tt'^/^. Let M\ be the space of cusp forms of eigenvalue A. 
Then our construction gives a map into the dual space of the cohomology, 
a : M\ — > 7Jp^^(F, tt'^)*. The Lewis construction on the other hand gives a 
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map /3 : M\ Hp^j.(r,TT'^). Together they define a duahty on Mx- One is 
tempted to speculate that this duaUty coincides with the natural duality given 
by the integral on the upper half plane. If that were so, then the two maps a 
and P would determine each other. 

1 FUCHSIAN GROUPS 

Let G be the group SL2(]R.)/ ± 1. For s G C let tTs denote the principal series 
representation with parameter s. Recall that this representation can be viewed 
as the regular representation on the space of square integrable sections of a 
line bundle over P^(IR) ^ G/P, where P is the subgroup of upper triangular 
matrices. For s € this representation will be irreducible unitary. For any 
admissible representation tt of G let tt'^ denote the space of analytic vectors in tt. 
Then n'^ is a locally convex vector space with continuous G-representation f |18j. 
p. 463). Let 7T~'^ be its continuous dual. For tt = tts the space tt^ is the space 
of analytic sections of a line bundle over P^(M). Let tt^^^ denote the space of 
sections which are smooth everywhere and analytic up to the possible exception 
of finitely many points. Let F = SL2(Z)/ ± 1 be the modular group. For an 
irreducible representation tt of G let Nr{TT) be its multiplicity in L^(r\G). Let 
77p(j^(r, TT^) denote the parabolic cohomology, i.e., the subspace of 7?^(r,7r^) 
generated by all cocycles /i which vanish on parabolic elements. For the group 
r = SL2(Z)/ ± 1 this means that H^^^ consists of all cohomology classes which 
have a representing cocycle ji with 



We will first relate this to the Patterson Conjecture for the cocompact case. 

Theorem 1.1 Let T a G be a discrete, cocompact and torsion-free subgroup, 
then for s G iM., 



Proof: Since F does not contain parabolic elements the parabolic cohomology 
coincides with the ordinary group cohomology. The Patterson Conjecture (3 
m [ shows that 



Poincare duality [S| implies that the dimension of the space H^{T,Tr'^) equals 
the dimension of iJ^~-' (r, ttJ"). The Theorem follows from the next lemma. 

Lemma 1.2 For every Fuchsian group we have H^{T,TTg) = 0. 




Nr{n) = dimffi (r,</2). 



NriiTs) 



dimiji (F,<) = dimifi(r,<). 



Nr{ns) = dimi7i(r,7r7'^) - 2dimi/2(F,7r7'^) 
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Proof: For this recall that every / G tt^ is a continuous function on G 
satisfying among other things, f{nx) = f{x) for every n ^ N , where N is the 
unipotent group of all matrices modulo ±1 which are upper triangular with 
ones on the diagonal. If / is F-invariant, then / G C(G/F). By Moore's 
Theorem (HHIj Thm. 2.2.6) it follows that the action of N on G/F is ergodic. 
In particular, this implies that / must be constant. Since s G this implies 
that / = 0. □ 



2 Arbitrary arithmetic groups 



Throughout, let G be a semisimple Lie group with finite center and finitely 
many connected components. 

Let F be an arithmetic subgroup of G and assume that F is torsion-free. Then 
F is the fundamental group of F\X, where X — G / K the symmetric space 
and every F-module M induces a local system or locally constant sheaf Jv[ on 
T\X. In the etale picture the sheaf M equals M = F\(X x M), (diagonal 
action). Let T\X denote the Borel-Serre compactification [3j of T\X, then 
F also is the fundamental group of V\X and M induces a sheaf also denoted 
by M on T\X. This notation is consistent as the sheaf on T\X is indeed 
the restriction of the one on T\X. Let d{T\X) denote the boundary of the 
Borel-Serre compactification. We have natural identifications 

W{V,M) = W{T\X,M) ^H^{T\X,M). 

We define the parabolic cohomology of a F-module M to be the kernel of the 
restriction to the bomidary, ie, 

i?^,,(F,M) keT{H^{f\X,M)^W{d{T\X),M))- 



The long exact sequence of the pair (F\X, d{T\X)) gives rise to 
. . . ^ Hi{T\X,M) W{T\X,M) = 

= W{r\X,M) W[d{T\X),M) ^ ... 

The image of the cohomology with compact supports under the natural map 
is called the interior cohomology of T\X and is denoted by Hf {T\X, M). The 
exactness of the above sequence shows that 

Wpar{^,M) = H^{T\X,M). 

Let E he a, locally convex space. We shall write E' for its topological dual. We 
assume that F acts linearly and continuously on E. We will present a natural 
complex that computes the cohomology H*{r,E). 

Let £r be the locally constant sheaf on r\X given by E. Then £r has stalk E 
and H*{T,E) = H'{Xr,£r)- 
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Let i7p, . . . , f2p be the sheaves of differential forms on Xp and let be the 
sheaf locally given by 

SP(U) = nl{U)(^£riU), 

where denotes the completion of the algebraic tensor product O in the pro- 
jective topology. Write Xr = T\G/K — T\X . Let d denote the exterior 
differential. Then D — d®l \s a. differential on £' and 

^ £r ^ f ? ^ • • • ^ f ^ 

is a fine resolution of £y- Hence H'{XytEv) = H'{Xr,£')- 

Let Vt'{X) be the space of differential forms on X. The complex £*{Xt) is 

isomorphic to the space of F-invariants {Vl' {X)®E)^ . So we get 

H-{T,E)^H-{{n'{X)®Ef). 

We can write 

nP{X) ^ (C°°(G) eg) APp*)^, 

where p is the positive part in the Cartan decomposition g = 6 © p, where g 
is the complexified Lie algebra of G and 6 is the complexified Lie algebra of 
K. The group K acts on p* via the coadjoint representation and on C°°(G) 
via right translations and F, or more precisely G, acts by left translations on 
G°°(G). 

From now on we assume that E is not only a F-module but is a topological 
vector space that carries a continuous G-representation. We say that E is 
admissible if every if-isotype E{t), t € K is finite dimensional. Let E°^ 
denote the subspace of smooth vectors. We say that E is smooth if = E°°. 
We then have 

(G°°(G) (0 APp*)^E ^ C"°{G)^{E ® APp*) 

as a G X /C-module, where G acts diagonally on C°°{G) by left translations 
and on E by the given representation. The group K acts diagonally on C°° (G) 
by right translations and on A^p* via the coadjoint action. 

Lemma 2.1 For any locally convex complete topological vector space F we have 

G°°(G)®F ^ G°°(G,F), 

where the right hand side denotes the space of all smooth maps from G to F . 

Proof: See Example 1 after Theorem 13. □ 

Thus we have a G x X-action on the space G°°(G, A^p* ® E) given by 

{g,k).f - {kd*{k)®g)LgRkf, 

where Lgf{x) = f{g~^x) and Rkf{x) = f{xk). 
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The map 

V': C°°(G,Afp* -> C'^{G,APp* (g,E) 

given by 

is an isomorphism to the same space with a different the G x K structure. 
Indeed, one computes, 

^iig,k).f){x) = 

= {1(E) x-^){Ad* {k)(dg)f{g-^xk) 

= {M*{k)(Dk{g-^xk)-^)f{g~^xk) 

= {kA*{k)®k)RkLgi,{f){x). 

For a smooth G-representation F we write H*{g, K, F) for the cohomol- 
ogy of the standard complex of (g, fr)-cohomology JSj. Then H'{q,K,F) = 
H* {g, K, Fk), where Fk is the (g, iir)-module of if -finite vectors in F. 
If we assume that E is smooth, we get from this 

H'{r,E) = H'{g,K,C°°{T\G)(E)E). 

In the case of finite dimensional E one can replace C°°{T\G) with the space 
of functions of moderate growth j^. This is of importance, since it leads to a 
decomposition of the cohomology space into the cuspidal part and contributions 
from the parabolic subgroups. To prove this, one starts with differential forms 
of moderate growth and applies ip. For infinite dimensional E this proof docs 
not work, since it is not clear that ip should preserve moderate growth, even if 
one knows that the matrix coefficients of E have moderate growth. 
By the Sobolev Lemma the space of smooth vectors L^(r\G)°° of the natu- 
ral unitary representation of G on L^(r\G) is a subspace of C°°{r\G). The 
representation L'^{T\G) splits as L^(r\G) = L^^^^ © L^^nt^ where i^^^^ = 
®^^QNr{TT)n is a direct Hilbert sum of irreducible representations and 
L^^ont is ^ finite sum of continuous Hilbert integrals. The space of cusp 
forms L^usp(r\G) = 07reG ^r,cusp(7r)7r is a subspace of L^j^c- Note that 
-^cusp(r\G)°° is a closed subspace of G°°(G). The cuspidal cohomology is de- 
fined by 

i/,^,p(r,i?) = iJ*(0,if,LLp(r\G)°°^i5). 

For finite dimensional E it turns out that H*^g^{T,E) coincides with the im- 
age in H' {g, K, C°° {T\G)®E) under the inclusion map. This comes about as 
a consequence of the fact that the cohomology can also be computed using 
functions of uniform moderate growth and that in the space of such functions, 
-^cusp(r\G)°° has a G-complement. The Borel-conjecture ^3] is a refinement 
of this assertion. For infinite dimensional E this injectivity does not hold in 
general, see Corollarv l5.2l 

We define the reduced cuspidal cohomology to be the image H*^gp{T,E) of 
H*^^p{T,E) in H'{T,E). Finally, let H(^2)(r,E) be the image of the space 
H'{g,K,L^(r\G)°^^E) in H'{g, K,C'^(r\G)i)E). 
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Proposition 2.2 We have the following inclusions of cohomology groups, 

^c'usp(r,i?) c H;,,{r,E) c H^,^{r,E). 

Proof: The cuspidal condition ensures that every cuspidal class vanishes on 
each homology class of the boundary. This implies the first conclusion. Since 
every parabolic class has a compactly supported representative, the second also 
follows. □ 



3 Gelfand Duality 

Recall that a Harish- Chandra module is a (g, if )-module which is admissible 
and finitely generated. Every Harish-Chandra module is of finite length. For 
a Harish-Chandra module V write V for its dual, ic, V = {V*)k, the if-finite 
vectors in the algebraic dual. 

A globalization of a Harish-Chandra module 1^ is a continuous representation 
of G on a complete locally convex vector space W such that V is isomorphic to 
the (g, i4r)-module of if -finite vectors Wk- It was shown in ^S] that there is 
a minimal globalization 1/™™ and a maximal globalization V'^'^^ such that for 
every globalization W there are unique functorial continuous linear G-maps 

ymin ^ W ^ ymax^ 

The spaces V™^'^ and V™'^^ are given explicitly by 
and 

ymax ^ Homg,;f(F, G°°(G)). 

The action of G on V"^"'^ is given by 

g.a{v){x) = a{v){g^^x). 

Let G be the unitary dual of G, i.e., the set of all isomorphism classes of 
irreducible unitary representations of G. Note jJS] that for tt £ G we have 
(TTif)™'^ = tt"^ and (TTif)'"^'' = vr-'^. 
The following is a key result of this paper. 

Theorem 3.1 Let F be a smooth G -representation on a complete locally convex 
topological vector space. Then there is a functorial isomorphism 

ii'(g,if,F®t/'"^'') ^ Ext;^(y,F), 
where as usual one writes Extg jf(y,F) for Ext*_^ (V^, i^i^). 
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Proof: We have 

pt^yra^^ = F(g)Romg^K {V , C°° (G)) 

= Ilom,,K{V,C'^{G,F)). 

Lemma 3.2 The map 

Rom,^K{v,C^{G,F))y''' ^ Hom^.K (f, f) 

(/) t-^ a, 

with a{v) — 4>(v)(X) is an isomorphism. 
Proof: Note that 4> satisfies 

(t>iX.i){x) = exp(tX)) 

since it is a (g, _R')-homomorphism. Further, 

since </> is (g, i4r)-invariant. Similar identities hold for the if-action. This implies 
that a is a (g, iir)-homomorphism. Note that the (g, if )-invariance of ip also 
leads to 

(j>{v){gx) = g.(j>{v){x), g,xeG. 

Hence if a = then = so the map is injective. For surjectivity let a be 
given and define ((> by (j){v){x) — x.a{v). Then (j) maps to a. □ 

By the Lemma we get an isomorphism 

H°{q,K,F^V^-^) - Rom,^K{V,F) - Extlj,{V,F) 

and thus a functorial isomorphism on the zeroth level. We will show that 
both sides in the theorem define universal (5-functors From this the 

theorem will follow. Fix V and let (F) = {3, K, F'S)V'^^'') as weU as 
TJ(F) = Ext^^^(l/,F). We wiU show that S* and T* are universal (5-functors 
from the category Repf{G) defined below to the category of complex vector 
spaces. The objects of Repf{G) are smooth continuous representations of G 
on Hausdorff locally convex topological vector spaces and the morphisms are 
strong morphisms. A continuous G-morphism / : ^ — > _B is called strong 
morphism or s-morphism if (a) ker / and im/ are closed topological direct 
summands and (b) / induces an isomorphism of y4/ker/ onto f{A). Then by 
|S] , Chapter IX, the category Repf" (G) is an abelian category with enough in- 
jectives. In fact, for F e Rep^{G) the map F C°°{G, F) mapping / to the 



X €3, 



dt 



(/)(-D)(exp(iX)x) 
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function a{x) — x.f is a mononiorphisni into the s-injective object C°°{G,F) 
(of. 0, Lemma IX. 5. 2), which is considered a G-module via xa{y) = a{yx). 
Let us consider S* first. By Corollary IX. 5. 6 of [S| we have 

S'{F) = H'{q,K,F®V'^^'') ^ H^iG,F^V"'''''), 

where the right hand side is the differcntiablc cohomology. The functor .(^V"^'^^ 
is s-exact and therefore 5** is a 5-functor. We show that it is erasable. For this 
it suffices to show that S'{C°°{G,F)) = for j > 0. Now 

C°°(G,F)®F'"^'' ^ C^{G)®F^V'''^'' ^ C'^{G,F 

and therefore for j > 0, 

S^G°°iG,F)) = i7](G,C°°(G',i^®t/'"^'^)) = 0, 

since G°°{G, F(§V'^^^) is s-injective. Thus 5' is erasable and therefore univer- 
sal. 

Next consider T*{F) ~ Ext' (V^, i^). Since an exact sequence of smooth 
representations gives an exact sequence of (g, i4r)-modules, it follows that T' is 
a 5-functor.To show that it is erasable let j > 0. Then 

T^G°^{G,F)) = Ext^g,^(F,G°°(G)®F) 

= W{Q,K,llomc(V,G^{G))^F) 

= i/;j(G,Homc("i>,G°°(G))®F) 

= /^;^(G,Homc(l/,G°°(G)))0F 

= E^tl^iV, C^{G))®F 

By Theorem 6.13 of [H] we have Ext^j^{V,C°°{G)) = 0. The Theorem is 
proven. □ 



Choosing G°°(r\G) and i2^,p(r\G)°° for F in TheoremOgives the following 
Corollary. 

Corollary 3.3 (i) 

^p^p^p^max^ ^ Ext^^^(f,G°°(r\G)). 

For r cocompact and p = this is known under the name Gelfand Dual- 
ity. 

(ii) 

7j:,,p(r,F--) - Ext;^(F,iLp(r\G)-). 
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4 The case of the maximal globalization 
The space of cusp forms decomposes discretely, 

iLp(r\G) = 0iVr,euspW^. 
Tree 

Suppose that V has an infinitesimal character x- Let G{x) be the set of all 
irreducible unitary representations of G with infinitesimal character x- It is 
easy to see that 

Ext;^(l7,LLp(r\G)°°) = Ext;^j\/, iVr,cu.p(7r)7r;, 

= iVrxusp(7r)Ext;^ 

7reG(x) 

= iVr,eu.pWExt'^^(7^K,y) 

The last line follows by dualizing. 

Let P be a parabolic subgroup and m © o © n a Langlands decomposition of its 
Lie algebra. 

Lemma 4.1 For a (g, K)-module ir and a (a © m, KM)-module U we have 

Homg,K(7r,Indp([/)) = Homc©m,Kjj (i?o(n, tt), f7 © Cp^), 
where Cpp is the one dimensional A-module given by pp. 
Proof: See US] page 101. □ 

Lemma 4.2 Let C be an abelian category with enough injectives. Let a be a 
finite dimensional abelian complex Lie algebra and let T be a covariant left exact 
functor from C to the category of a-modules. Assume that T maps injectives to 
a-acyclics and that T has finite cohomological dimension, i.e., that RPT ~ 
for p large. Let M be an object of C such that RPT{M) is finite dimensional 
for every p. Let Ha denote the functor H'^{a, •). Then 

^ rV-l)P+'' dimi?P(iJ„ or)(Af) = ^(-1)P dimiJ"(a,i?fT(M)), 

p>0 p>0 

where r — dim a. If M is T-acyclic, then these alternating sums degenerate to 



dimi?''(ff„ oT)(A'f) = dimH°{a,T{M)). 
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Proof: Split a = ai © fai, where dimai = 1. Consider the Grothendieck 
spectral sequence with E^^'' = HP{ai, R'^{Hi,^ o T){M)) which abuts to 
RP+i{Ha oT){M) (see [TU, Theorem XX.9.6). Since ai is one dimensional, 
for any finite dimensional ai-module V we have H^{a^V) = H^{a^V) and 
HP{ai, y) = if p > 1. This implies ij"'* - -£^2'* and E^''' = for p ^ {0, 1}. 
The spectral sequence therefore degenerates and 




Next we split bi = 02 © b2, where 02 is one-dimensional. Since the Oi-action 
commutes with the a2-action the isomorphism 

i/"(a2,i?^(i/b. oT)(A/)) - H\a2,R''{H,,oT){M)) 

is an ai-isomorphism. Therefore we apply the same argument to get down to 

E 2) (-l)'""^"' dimiJ"(ai © a2, RP{H,, o T){M)). 
p>0 ^ 

Iteration gives the claim. 

To get the last assertion of the lemma, note that if M is T-acyclic, then fol- 
lowing the inductive argument above, one sees that RP{Ha o T{M) ~ for 
p > r. □ 

Let P be a minimal parabolic subgroup of G so that AI is compact. For a 
unitary irreducible representation a of M and linear functional v £ ia* we 
obtain the unitary principal series representation TTg-.i/ of G induced from P. 
Let t be a Cartan subalgebra of m = Liec(M). Then f) o © t is a Cartan 
subalgebra of g. Let A^. e t* be a representative of the infinitesimal character 
of a. Then + 1/ £ \)* is a representative of the infinitesimal character of tTo-^u- 
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We say that the parameters (cr, v) are generic if tTo-^i, is irreducible and for any 
two w,w' in the Weyl group of (f),0) the hnear functional 

on o is not a positive integer linear combination of positive roots. 

Theorem 4.3 IfG is M.-split and tTo-.i/ is irreducible, we have 

Nrin,^,) = ff:„,p(r,7r^;). 

IfG is not split, the assertions remains true if the parameters (a, v) are generic. 

Proof: First note that since G is split, the decomposition of L^(r\G) as in 
j2(JI [T] implies that for imaginary v one has N-c{T^a,u) = -^r,cusp(7rcr,i/), since 
the Eisenstein series are regular at imaginary v. Applying Lemma 14.11 with 
TT = L2^,p(r\G)°° and Indp(f7) = tt,,,^ we find 

Homcem.Af (i?o(n, LI^,^{T\G)^) , a ® {v + pp)) 

- Hom,^;^(LLp(r\G)°°,7r^,.) 

- Homg^;^ (7^,,,,LLp(r\G)°°) 

so that 

A^r,,„,p(7r<,,^) = dimHom„em,A/ (ffo(n, iLp(r\G)^), ct ® (z^ + pp)) . 

In order to calculate the latter we apply Lemma lTl^ to the category C of (g, K) 
modules and 

T{V) = HomM(i/o(n,l/),C/®Cpp) 

The conditions of the Lemma f4. 21 are easily seen to be satisfied since H^in, ■) 
maps injectives to injectives and H'^{M, ■) is exact. Note that in the case of a 
representation tt of G, 

^ Hom,,K(^,Ind?(C/)) 
by Lemma l4.ll From this we obtain 

Extl^{n,lnd${U)) - RP{Ha o T){7t). 
Now Lemma [4. 21 shows that 

dimExtgj^.(^i-,Ind^(;7)) 
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equals 

dim IiomAM{Ho{n,TTK), U ® Cpp). 

Suppose that tt is an irreducible summand in L^„gp(r\G'). If G is split, the 
set of TT which share the same infinitesimal character as iTa,^ equals the set of 
all TT^.u,!/, where w ranges over the Weyl group and ^ G M. Then the space 
}lomAM{Hj{n, ttk), U ® Cpp) is only non-zero for tt ~ tt^^wv for some w. But 
then Proposition 2.32 of 15 implies that _f/j(n, 7r/f ) is zero unless j = 0. The 
same conclusion is assured in the non-split case by the genericity condition. 
Now the proof is completed by the following calculation: 

A^r,cusp(7r<x,i.) = dimHomaem,j\/(-ffo(n, LcusplrVG)^), cr ® (j^ + pp)) 
dimExtg^^(L^^,,p(r\G),7r^,^) 
= dimExt^^^(^<,,^,L2^,p(r\G)) 
= dimiJ^^,p(r,7r;^^^), 

where the last equality is a consequence of Corollary I3.3f ii). applied to V = 

5 POINCARE DUALITY 

In order to conclude the main Theorem it suffices to prove the following 
Poincare duality. 

Theorem 5.1 (Poincare duality) 
For every Harish- Chandra module V , 

and both spaces are finite dimensional. 

Before we prove the theorem, we add a Corollary. 

Corollary 5.2 Let T be a torsion-free non-uniform lattice in G = PSL2(K) 
and IT G a principal series representation with A't.cuspCt'') ^ 0. Let E = tt^™. 
Then the natural map H'^^^{T,E) H'{T,E) is not injective. 

Proof of the Corollary: We have H^^gp{T, tt™"^) and by the Poincare 
duality, H^^gp(r,E) ^ 0. However, as the cohomological dimension of F is 1, 
it follows that H^{T, E) ^ 0. □ 

Proof of the Theorem: A duality between two complex vector spaces E, F 
is a bilinear pairing, 

{.,.): Ex F C 
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which is non-degenerate, i.e., for every e G E and every f G F, 

(e,F)=0 e = 0, 

{EJ)=0 => f = 0. 

We say that E and F are m duality if there is a duahty between them. Note 
that if E and F are in duality and one of them is finite dimensional, then 
the other also is and their dimensions agree. The pairing is called perfect if it 
induces isomorphisms E ^ F* and F = E*. HE and F are topological vector 
spaces then the pairing is called topologically perfect if it induces topological 
isomorphisms E F' and F ^ E' , where the dual spaces are equipped with 
the strong dual topology. 

Now suppose that V and W are 0,i^-modules in duality through a 2,K- 
invariant pairing. Recall the canonical complex defining g, X-cohomology 
which is given by C^iV) ^ HomK(A9(g/e), F) = (A«(0/e)* ® F)^. Let 
d = dimG/K. The prescription {y (g) u, y' (g) uj) ~ (— 1)"^ {v,w) y A y' gives a 
pairing from C«(F) x C^-^W) to A'^is/i)* ~ C. Let d : C ^ C"?+i be the 
differential, then one sees [H, {da,b) — {a,db). 

Let TT be an irreducible unitary representation of G. Then the spaces tt°° and 
Tr~°° are each other's strong duals ^U]. The same holds for y™^'^ and T/™™ 

m 

Lemma 5.3 The spaces A = Tr^°°(g)V"''^'^ and B = 7f°°(g)F™'" are each other's 
strong duals. Both of them are LF-spaces. 

Proof: Since C°°{G) is nuclear and Frechet and tt is a Hilbert space the 
resuhs of 0|, §111.50, allow us to conclude that G°°{G,ny = C°°(G)®# is 
nuclear which is then true also for G°°{G, tt). Now the embedding of tt°° into 
C°° (G, tt) shows the nuclearity of tt°° . 
Since V is finitely generated one can embed the space 

V""''' = Rom,,K{V,G^{G)) 

into a strict inductive limit lim Hom(l/^, G°°{G)) with finite dimensional V^'s. 
Then the nuclearity of V'^^^^ follows from the nuclearity of 

llom{V\C°^{G)) = (V^y C°°(G). 

We conclude that the spaces V"^^^ and 7r°° are nuclear Frechet spaces. Their 
duals TT~°° and y™'" are LF-spaces (see Introduction IV). Therefore they 
all are barreled p. 61). By P- 119 we know that the inductive 

completions of the tensor products Tr~°°(^V™'^^ and tt""®!^™'" are barreled. 
Since V'^'^^ and tt°° are nuclear, these inductive completions coincide with the 
projective completions. So A and B are barreled. By Theorem 14 of it 
follows that the strong duals A' and B' are complete and by the Corollary to 
Lemma 9 of ^3] it follows that A' = B and B' = A. Finally, Lemma 9 of ^ 
implies that A and B are LF-spaces. □ 
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Proposition 5.4 For every tt e G and every Harish- Chandra module V the 
vector spaces H''{g, K, 7r"°°(8)F™'^'') and H'J{q, K, 7f°°(8)y™™) are finite dimen- 
sional. The above pairing between their canonical complexes induces a duality 
between them, so 

Proof: Note that by Theorem ITTl 

if, 7r—®y--) = Ext^ = Ext^_^(f,7r^) 

and the latter space is finite dimensional ( 5 , Proposition 1.2.8). The proposi- 
tion will thus follow from the next lemma. 

Lemma 5.5 Let A,B be smooth representations of G. Suppose that A and 
B are LF-spaces and that they are in perfect topological duality through a G- 
invariant pairing. Assume that H'{q, K, A) is finite dimensional. Then the 
natural pairing between K, A) and H'^^^{q, K, B) is perfect. 

Proof: We only have to show that the pairing is non-degenerate. We will start 
by showing that the induced map H''^^'^{2, K, B) to H'^{g, K, A)* is injective. 
So let b e Z'^-iiB) = C"'-«(B) n kerd with (a, 5) = for every a e Zi{A). 
Define a map iP: d(C«(yl)) ^ C by 

ip{da) = (a, b) . 

We now show that the image d{G'^{A)) is a closed subspace of C"'+^(A) and 
that the map G'^{A)/keid — > d{G'^{A)) is a topological isomorphism. For this 
let i? be a finite dimensional subspace of that bijects to _ff'?+^(g, K, A). 

Since E is finite dimensional, it is closed. The map rj = d + 1: G'^{A) ® E ^ 
Z^+^[A) is continuous and surjective. Since C"?(A) and Z'^^^{A) are LF-spaces, 
the map rj is open (see |24| . p. 78), hence it induces a topological isomorphism 
(C"?(A)/kerd) ® E ^ Z«+i(A). This implies that d(C«(A)) is closed and 
G'^{A)/keTd d{G'^{A)) is a topological isomorphism. Consequently, the 
map ip is continuous. Hence it extends to a continuous linear map on G'^~^^{A). 
Therefore, it is given by an element / of C"^~*~^(yl), so 

(a, 6) = (daj) = {a,df) 



for every a G C"?(A). We conclude b — df and thus the non-degeneracy on one 
side. In particular it follows that H'{g, K, B) is finite dimensional as well. The 
claim now follows by symmetry. □ 
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We will now deduce Theorem 15. II We have 

= A^r,cusp(7r)F'^-'(0,if,^^°°®y™)* 
= A^r,cusp(7r)i?'^-«(fl,if,7r°°®l/'-")* 

In the second to last step we have used the fact that L^^^p is self-dual. Theorem 
15. II and thus Theorem 10 . 21 follow. 

It remains to deduce Theorem lU.ll For T torsion-free arithmetic it follows 
directly from Theorem 10.21 and Lemma 1 1.21 Since the Borel-Serre compactifi- 
cation exists for arbitrary Fuchsian groups, the proof runs through and we also 
get Theorem lO.ll for torsion-free Fuchsian groups. An arbitrary Fuchsian group 
F has a finite index subgroup F' which is torsion-free. An inspection shows 
that all our constructions allow descent from F'-invariants to F-invariants and 
thus Theorem 10 . 1 1 follows . □ 
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